We obtain a general connection between a quantum advantage in communication complexity and non-locality. We show that given any protocol offering a (sufficiently large) quantum advantage in communication complexity, there exists a way of obtaining measurement statistics which violate some Bell inequality. Our main tool is port-based teleportation. If the gap between quantum and classical communication complexity can grow arbitrarily large, the ratio of the quantum value to the classical value of the Bell quantity becomes unbounded with the increase in the number of inputs and outputs.
Until now, there were only two concrete examples where one could certify quantum correlations in the context of communication complexity by providing a quantum state and a set of measurements whose statistics violate some Bell inequality. The first case is the "hidden matching" problem and the second one is a theorem, which states that a special subset of protocols that provide quantum advantage also imply the violation of local realism [7] . To get the violation of Bell inequalities obtained from the examples above, one had to perform an involved analysis which relied on a problem-specific set of symmetries. Thus, such an approach cannot be generalized to an arbitrary protocol for achieving a quantum advantage in the communication complexity problem.
In this paper, we show that given any (sufficiently large) quantum advantage in communication complexity, there exists a way of obtaining measurement statistics which violate some linear Bell inequality. This completely resolves the question about the equivalence between the quantum communication and non-locality: whenever a protocol computes the value of the function f (x, y) better than the best classical protocol, even with a gap that is only polynomial, then there must exist a Bell inequality which is violated.
We provide a universal method which takes a protocol which achieves the quantum advantage in any single-or multi-round communication complexity problem and uses it to derive the violation of some linear Bell inequality. This method can be generalized to a setting with more than two parties.
Our Bell inequalities lead to a so-called unbounded violation (see [12] ): the ratio of the quantum value to the classical value of the Bell quantity can grow arbitrarily large with the increase of the number of inputs and outputs, whenever (Q(f )) 4 < C(f ). In particular, an exponential advantage leads to the exponential ratio.
Our method consists of two parts. In the first part, given a protocol which computes a function f by using Q(f ) qubits, and the optimal classical error probability achievable with (Q(f )) 4 bits, we construct the corresponding linear Bell inequality. In the second part, we use the quantum protocol to construct a set of quantum measurements on a maximally entangled state which leads to the violation of the Bell inequality above. The central ingredient of our construction is the recently-discovered port-based teleportation [13, 14] .
For one-way communication complexity problems we develop a much simpler method which is based on the remote state preparation and results in a non-linear Bell inequality.
II. MAIN PART A. Quantum communication complexity protocol
We start by defining a general quantum multi-round communication protocol. Two parties, Alice and Bob receive inputs x ∈ X = {0, 1} n and y ∈ Y = {0, 1} n according to some distribution µ and their goal is to compute the function f : X × Y → {0, 1} by exchanging qubits over multiple rounds.
We will further use subscripts for the system names to denote the round number. The parties proceed as follows. 3. Parties repeat steps 1 and 2 for r − 1 rounds. In the last round, instead of communicating back to Alice, Bob measures the observable o y and outputs the value of the function f . The observable o y acts on the system M 2r−1 and Bob's memory B r−1 .
The above protocol may be transformed to the form where a one-qubit system is exchanged between Alice and Bob at any round. To achieve this, we split the q-qubit message from Alice to Bob (or vice versa) into q rounds of one-qubit transmission and modify the protocol as follows. We start from the initial state which has the form:
where |ρ M A and |σ M B describe the memory registers which belong to Alice and Bob respectively. The state |θ C A , initially in state |θ = |0 with Alice, is a one-qubit system which is used for message passing from Alice to Bob and vice-versa. In each round, Alice applies U i x to ρ ⊗ θ, and Bob applies U i y to σ ⊗ θ. In the last round, instead of applying a unitary transformation, Bob performs a measurement.
One may view unitaries U i x and U i y as controlled gates acting on the memory with the one-qubit register acting as a control. This implies that for given x, in round i the state of Alice memory is spanned on at most 2 i orthogonal vectors. This observation will be crucial for the construction of a memoryless quantum protocol. Thus, we can transform any given protocol which requires Q qubits of communication into one which makes use of 2Q one-qubit exchanges.
B. From the protocol with memory to the memoryless protocol One shortcoming of the above protocols is that the parties are required to store the memory which may in general be entangled with the message and thus restrict the range of possible operations on either side. We get rid of this requirement by converting the above protocol with memory to the memoryless one. For the memoryless protocol, both parties compress their local memory and send it along with the messages.
The following lemma, which is a consequence of Yao's Compression Lemma [4, 17] We now show how to convert a multi-round protocol for computing f (x, y) which gives a quantum advantage to the violation of a linear Bell inequality. The method for converting one-way protocols was introduced in [15] . It relies on remote state preparation [16] , and therefore is not extendable to a multi-round protocol. Another downside of the latter method was that it produced a nonlinear Bell inequality, whereas our method gives rise to a linear Bell inequality. Our protocol is based on the recently introduced method of port-based teleportation which we briefly review below.
Port-based teleportation. In deterministic port-based teleportation, the two parties share N pairs of maximally entangled qudits
To transmit the state |Ψ in A 0 , the sender performs the square-root teleportation measurement given by a set of POVM elements {Π} N i=1 (precisely defined in Eqn. (27) of [14] ) on all the systems A i , i = 0, ..., N , obtaining the result z = 1 . . . N . Then, he communicates z to the receiver who traces out the subsystems B 1 ...B z−1 B z+1 ...B N and remains with the teleported state |Ψ out Bz in the subsystem B z . Teleportation always succeeds and the fidelity of the teleported state with the original
N . The cost of the classical communication from sender to receiver is equal to c = log 2 N . The distinctive feature of this protocol is that unlike the original teleportation, it does not require a correction on the receiver's side.
Constructing quantum measurements. Using port-based teleportation we can now construct the relevant quantum measurements. Parties start with the initial state (1) and perform the following protocol.
Alice applies
on her local state ρ A 0 . She obtains the state of size Q 1 = log dimM 1 + log dimA 1 which is teleported to Bob at once using N 1 ports each of dimension 2 Q 1 . This consumes N 1 ports. Alice does not communicate the classical teleportation outcomes {i
Bob applies the local unitary
to each of the ports (he does not know the value of i 1 ) and teleports each of the N 1 states one-by-one by applying the teleportation measurement using N 2 ports each of the dimension 2 Q 2 where Q 2 = log dimM 2 + log dimB 1 + log dimA 1 .
This consumes N 1 N 2 ports. Bob keeps the set of N 2 teleportation outcomes {i
3. Parties repeat steps 1 and 2 for r − 1 rounds.
At the end of the protocol we obtain the set of measurements which map the generic communication protocol into the set of correlations:
where {o j } are the final teleportation measurements in round r on Bob's side. A single round of the protocol is depicted in Fig. 1a and the entire protocol is depicted in Fig. 1b .
Simulating the memoryless quantum protocol. The last part of the puzzle is a method of simulating the memoryless quantum protocol using the above correlations and classical communication.
Lemma 1 Given the memoryless protocol for computing f which uses Q qubits of communication and
achieves the success probability p succ ≥ 1/2 + ǫ, ǫ > 0, one can simulate it using correlations (2) and O(Q 2 ) bits of classical communication with the success probability 
where µ is a probability measure on X × Y , the set P denotes the set of all paths from the root to the leaves of length 2r − 1 of the tree formed by the subsequent outputs of Alice and Bob in the protocol and p (o q = f (x, y)|x, y) is the marginal probability which comes from summing over all indices which do not explicitly appear in the path q (cf. Fig 2) . With the exception of the last level, every node on the i-th level has N i children which correspond to the outcome of the i-th round of teleportation.
The leaves of the tree correspond to the outcomes of Bob's binary observable, which is his guess of the value of the function f (x, y). (Note that in the Bell inequality, there appear only special outputs -those given by the paths of length 2r − 1 from the root to the leaves -while in general, outputs will be given by all sequences composed by choosing one node from every level.)
E. Large violation of a Bell inequality from communication complexity
Our results immediately imply that whenever C(f ) > (Q(f )) 4 , we obtain an unbounded violation of the Bell inequality -the ratio of the quantum to classical value of our Bell inequality grows arbitrarily when we increase the number of inputs and outputs [7, 10, 12, [18] [19] [20] . We now introduce several definitions which enable us to contrast the performance of the quantum and classical protocols.
Definition 1 For the arbitrary protocol P computing the function f (x, y) exchanging C P messages,
to be the Bell value achievable by some protocol P . The 'shifted' Bell value achievable by the protocol
The relation of the shifted Bell value with the success probability is straightforward: if a protocol P computes the function with the success probability q ≥ 1 2 , then this is equivalent to saying that it achieves the Bell value B P = q − 1 2 . We shall need the following lemma which provides the expression for the quantum to classical Bell inequality violation ratio.
Lemma 2 May some quantum correlations P q allow to compute the value of the function f with probability of success 2 3 after exchanging C Pq bits. Denote C f, 2 3 to be the number of bits required to compute f using classical resources and with success probability Proof: Denote C Pq to be the amount of quantum communication required to achieve the probability of success p q = 2 3 . May a classical protocol P c after the exchange of C Pq messages achieve the probability of success
. Then, the ratio of quantum to classical values of the Bell inequality has the form
for solving f ; we get C Pq = C(f, p c ). To express the ratio (5) we need to find δ in terms of communication complexity. We achieve this by using the amplification argument (see Appendix A for the proof), which boosts the success probability to 2 3 at the expense of sending at most C(f, p c ) bits of communication:
Thus, we can get the expression for δ in terms of C(f, p c ) and C f, 
Using the definitions of B Pq and B Pc , we get
✷
Given the function f , take Q(f,
3 ) to denote the number of qubits (classical bits) required to be exchanged in order to compute f with the probability of success p ≥ 2/3. To simplify the notation, when it is apparent from the context, we will further denote Q(f, 3 ) and C f, 2 3 as Q and C respectively.
Using our construction, it is apparent that using the quantum correlations supplemented by Q 4 bits of communication, we obtain p q = 
Thus, whenever the quantum communication complexity scales slower than the fourth root of the classical communication complexity, we obtain an unbounded violation of the associated Bell inequality. Let us illustrate it with a few examples.
F. Examples
Vector in subspace problem with 1-way communication. In this protocol, there is only one round of communication from Alice to Bob. Also, the local memory is not used. The deterministic quantum protocol requires log n qubits of communication (where n is the length of the vector in the problem), while the classical communication complexity is C (f, 2/3) = Ω( 3 √ n) [9] .
Knowing the quantum protocol P q explicitly, we obtain a stronger Bell inequality because we do not need to invoke any approximations. Using 5 log n bits of communication and correlations (2), we can achieve the quantum success probability of p q = 1/2 + 1/2(1 − 2 −5 log n ) 10 log n , while the classical protocol using the same amount of communication achieves p c = 1/2 + δ, where δ 2 ≤ 5 log n c 3 √ n , for some constant c. Thus, the ratio of quantum to classical values is:
Vector in subspace problem with 2-way communication (Raz original problem [6] ).
In this protocol, Alice sends Bob the quantum state of the size log n (where n is the length of the vector in the problem) and then receives the state of the same size. As in the previous example, parties do not use local memory. There exists a deterministic quantum protocol for this problem. The classical communication complexity is C (f, 2/3) = Ω( 4 √ n/ log n). But using only 10 log n qubits of communication and correlations (2), we get p q = 1/2 + (1 − 2 − log n ) 2 . The classical protocol using the same amount of communication achieves p c = 1/2 + δ where δ 2 ≤ c 10 log 2 n 4 √ n , for some constant c.
Thus, the ratio of quantum to classical values is:
G. One-way communication complexity problems
We now detail the scenario when Alice is allowed to send a single message to Bob in order to introduce a very different approach to obtain the violation of a Bell inequality. In this case, state preparation protocol on Alice's side followed by the measurement of a quantum state by Bob will suffice. Also, there is no need for the local quantum memory on either side because one does not have to preserve the state of the communication protocol. Therefore, the role of the port-based teleportation is played by the remote state preparation.
One marked difference of this approach is that it consumes a significantly smaller amount of entanglement. Also, in this setting, we are obtain the non-linear Bell inequality which explicitly features the probability of Bob guessing the communication from Alice -something which is not possible using the method which relies on the port-based teleportation.
We first outline the remote state preparation protocol, and then construct the relevant Bell inequalities below.
Remote state preparation. In the remote state preparation, Alice and Bob share a maximally entangled qudit state
Alice wants to prepare a known quantum state |φ on Bob's side by acting only on her share of the qudit, requiring no post-processing on his side. To achieve this, she performs a measurement with elements {|φ * φ * |, I − |φ * φ * |}, where |φ * is a conjugation of |φ in the computational basis, on her part of |Φ + AB , followed by the communication of the classical outcome to Bob if she measured |φ * φ * | (we denote this outcome as 1). This protocol has a very low probability of success 1 d . We discuss the techniques to amplify it in the Appendix A. Correlations. Applying the remote state preparation protocol to our communication complexity problem, we obtain the following correlations:
where {M a x } are the POVM elements from the remote state preparation and {M b y } describes Bob's measurements on the shared state ρ AB . In the current setup, the number of the binary observables equals of Alice and Bob is equal to the number of inputs x and y. The correlations (12) are obtained by acting on a single instance of the entangled state whereas the multi-round approach uses in the order of 2 Q states.
We define the following success probabilities:
• p A -probability that Alice succeeded, i.e. her outcome is 1 (averaged over all observables by the measure µ)
This probability turns out to be equal to Bob successfully 'guessing' the communication from
Alice in the absence of communication from the latter.
• p B -conditional probability, that Bob's outcome is equal to value of the function, given that
Alice succeeded
Using roughly m ≈ 1/p A instances of the state ρ AB , Alice obtains one successful outcome a = 1 on average. Then, Alice communicates to Bob this successful instance.
Merging m instances together, we obtain following set of correlations:
where i ∈ I, I = {1, . . . , m} denotes the case when the remote state preparation succeeds and {o i } are the respective outputs. Thus, our Bell inequality may be written in the form (3):
Now we derive a Bell inequality for the case where the parties have the option to abort at any stage of the protocol. Our inequality turns out to be nonlinear and will depend only on two parameters, p A and p B .
To derive the inequality, we show how Alice and Bob may guess the correct value of the function.
In this setup, as in the previous case, Alice uses m ≈ 1/p A instances of the state ρ AB . Then Alice communicates to Bob the first instance where the outcome appeared, using log m ≈ − log p A bits.
Lastly, Bob looks at the outcome for the successful instance, and with probability p B obtains the value of the function f . Now, if Alice and Bob share a state that admits a local-realistic description, then the used communication cannot be smaller than the value C (p B , n), since it is the optimal value attainable by classical means. Thus for any local-realistic state, we must necessarily have:
See Appendix B for further details.
H. Discussion
Examples show that our protocol produces large violations which are a bit weaker than the best known ones such as n log 2 n
[18] or √ n log n [10] . This seems to be the price for its universality. However, it is an interesting open question, whether one can find a communication complexity protocol, such that the obtained Bell inequality would be in some respect better than existing large Bell violations.
Another challenge is to decrease the amount of entanglement used to violate our Bell inequalities, which in our construction is exponential in the quantum communication complexity of the given problem.
Similarly, the output size grows exponentially which gives rise to the question of whether there exists a more efficient method of exhibiting the non-locality of quantum communication complexity schemes.
Finally, our method does not cover the protocols with initial entanglement. This is quite paradoxical, because protocols that use initial entanglement should be non-local even more explicitly. It is therefore desirable to search for a method of demonstrating the non-locality of such protocols.
Let the protocol Π use C 1 2 + ǫ bits of communication to achieve p S = 1 2 + ǫ. Let us consider protocol Π ′ in which Alice and Bob repeat protocol Π l times and then Bob returns as an answer the most common output of Π. Since we are restricted to Boolean functions, the success probability p ′ S of Π ′ is equal to the probability that protocol Π gives the correct answer no less than ⌈l/2⌉ + 1 times.
By the Chernoff bound we get:
Since we require that p ′ S ≥ 2 3 , we get that
From the communication complexity bound, it is known that in order to achieve p S = 2 3 , the protocol Π ′ requires at least C f, 
Using relation (3) we get finally: which is much below the true value. This discrepancy comes from the non-optimality of the pumping protocol.
Appendix B: Rigorous derivation of the Bell inequality and its violation
We now derive the central result of our paper -the following Bell inequality:
where the classical communication complexity C(f, p) is additionally parametrized by µ and the size of the problem n. First, we construct a one-way protocol with classical communication which makes use of shared shared entanglement given the set of correlations. We restrict ourselves to the family of correlations p(a, b|x, y) with x, y ∈ {0, 1} n , a, b ∈ {0, 1}. As usual, a = 1 is interpreted as the success on Alice's side. When the latter occurs, we expect b to hold the value of the function: b = f (x, y).
This restriction does not limit the generality since we may always take negation of a, b, x, y which is a local operation.
We show that for any correlation p(a, b|x, y), characterised by n, p A and p B (defined in Section II G), leads to the protocol Π B solving a problem of size n using ⌈log 1/p A + log log δ⌉ + 1 bits of communication and achieving p µ S = (1 − δ)p B + δ/2 for the initial probability distribution µ(x, y). 
In the case when the communication complexity is given only for the fixed probability of success
, by the pumping argument and the fact that C µ ( 
To witness the violation of a Bell inequality constructed for a particular function f , it suffices to know how C µ (f, n, p C S ) dominates over Q µ (f, n, p Q S ) for some fixed p Q S ≥ p C S [22] .
